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ABSTRACT

A procedure is given for computing the bivariate normal probability over an angular region or
a convex polygon. The procedure is implemented into a Fortran IV computer pregram which is
designed to yield 3, 6, or 9 decimal digits of accuracy. Comparisons with two other published
methods, for the same achievable accuracy, show our program to be much faster.
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1. INTRODUCTION

In this report we give a numerical procedure for integrating the bivariate normal density func-
tion over a convex polygon. The Fortran IV computer program* developed from it is fast and is
designed to yield the output probability to 3, 6, or 9 decimal digit accuracy. As far as we know, it is
the fastest and most versatile program of its kind — most versatile in the sense that it handles, with
three prespecified levels of accuracy in the output, arbitrary convex polygons*® rather than just tri-
angles and quadrilaterals. We make note at this time that the program serves as a basic subroutine for
the automatic computation of the bivariate normal over an arbitrary polygon. A complete program
for this much more general case has been written, checked out, and is operational. Its description is
deferred to a later report.

Our procedure for the convex polygon case depends on a fast method, with prespecified accu-

racy, to evaluate the bivariate normal distribution over an angular region, A. In particular, we wish
to evaluate

-%
. _U-pY) “EN ) (w-k )z -,)
" P T‘:‘;’[ /»3[0 o) ~ ¥

(5o

""xz"z
9

dwdz,

[g.2
where (i, . u,) is the mean and [p 3 0 ] the covariance matrix of the normal random
: 1%

variable (w,2) with correlation coefficient p. The angular region A is defined as the sami-infinite
part of the plane bounded by two intersacting directed straight tines. Of course by this definition
there are four such regions, and therefore it is necessary to always state which of thew is involved.

The well-known linear transformation

‘ : -n 2 py 7
(2) X = ! ~p( . 3) V1 -0 . ¥ o 2,
9 9; Uy

reduces the integrand of (1) to vne with circular symietry, namely

(3) PIA) = P(A) =-§’;§S expl~(x2 + y3)12] dx dy,

*The program is coded for the CDC6700, a large-scale binary computer sapable of one million operatious per
second.  has a 60 bit binaty ward length of which 48 are used to express the mantissa of a aumber.
**The term convex polygon will always mean a elosed convex polygon.
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where A, like A, is an angular region, since (2) takes straight lines into straight lines. Thus we deal
only with (3) hereafter unless noted otherwise.

An extensive litcrature exists on methods for integrating the bivariate normal variate over
various simple geometries, where the ultimate objective is to appropriately utilize these integrations
to evaluate the distribution over a polygon, [2,3,4,5,6,7]. One such case is where A in (1) forms a
right angle at (h,k) with the sides of the angle directed parallel to the w and z directions. When the
mean is zero and the variances are equal to one, (1) for the angular region just described is denoted
by ®(h,k,p)and is called the bivariate normal integral [3]) or the bivariate normal probability func-
tion [9, p. 936]. We shall make reference to @ in Section 6. We show it is equivalent to (3) where
the given right angle is transformed to an angular region A and then show that a recent method for
computing &, {3], is slower than our procedure for obtaining the same result from (3).

The idea of integrating over an angular region seems to have originated with Gideon and Gur-
land (hereafter G & G), [4]* [5]. As observed by them, the idea of integrating over an angular
region, s expressed by (3), is a natural and ¢asily visualized way to obtain the probability overa
polygon. In Section § we shall discuss and compare their computing method with ours.

In Section 3 we show how, by utilizing (3) over a set of angular regions, we obtain the proba-
bility over a convex polygon. Our approach differs here also from what G & G advocate. In Section
7, we give some numerical results. The computer program is described in Section 4 with its Fortran
listing given in Appendix D. In the next section we give some analysis and also the algorithm for
evaluating (3). §ts implementation into a computer program is not straightforward since-certain
precautions are necessary as will be explained in Section 4,

2. ALGORITHM FOR P{A(R, 6,.84)]

In this section we derive the algorithm by which we evaluate (3); i.e., we obtain that part of the
circular normal distribution over the angular region A(R, 6, 0,) as the shaded region shown in
Figure 1. Lines (D and @ form the boundarios of this mgzon R denotes the distance from the
origin to the vertex of A(R, 0, 8,).

It is convenient because of circular symmetey in the integrand of (3), o perform a rotation of axes

such that the line L and the x axis coincide with A rigidly rotated as shown in Figure 2. Hercalter
we shall always assume such a rotation, through the angle ¢, has been carried oul.

The coordinate {ransfonmation

4) x=R +rcosd, y = rsinb, i< x,

is used in (3) to obtain

*We are grateful to Pete Shugart at White Sands Missile Range, New Moxico for bringing their Wiscoasin report {3],
to out altention.
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Figure 1. Angular Region, A(R, 8/, 8, ), (shaded rogion)
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81 [
—};f Iexp[-—% (R? + 2rR cos @ + )] r drdf

(5) P(A) =
8, Yo
9T
= _=,_l__e.- R2/2f J re-? 12 e~ Pf drdg,
A
where
(6) p = Rcosé.

An integration by parts on the integral in r yields

" 2 , ) - -
M fre" Re-vrgr = 1 - pf et emRigy
° : 6
. 3.9 *® - 12
& ] — peP i.f e~ Hlrep) gp
o

2 |~ oY ferfclph/T ) i2(ph/3 ),
whote
. . ™= < ’
{8) erfo{x} =} ~ erf(x) ﬁf dtMdy,  alx) 8 S e

- o e o

- Using (7) in (3), caveying out the obvious part of the 0 integeation, {3) becomes

9 IPA) = oB0R 3-*33@23& - f * alerfeluyzta] 69,
=N i FoJe _ ‘

where _

(1) o o uwEpAfT e (R!\/ﬁ)m-&.

We not&fm R = (@, (V) gives the exact result directly,

(b - PLAD, A0 = 20/2s, MO =9, - 0,.

Hquation (9) gives the relation for P{A) upon which bur program is based. A shinilar relation
was dyigitally desived by Amos, (1], in au eatirely diffccont way.

The difficully in evaluating the integral.in (9) is tesolved by obtaining, for a given § > 0, the
minimax polynomial fit to erfe (u)faiu) fov 0 < u K C(5). Namely, s sot of constants a anda
teast positive integer K are found such that ,

P S ISP
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I g -

X 2
12 erfc(u) — 2z(u) T a, u* |€—=6, 0 Su<C().
42 st v | N

The constant C is chosen, once & is specified, such that

] l » ~
(13) 37 S% exp [":,-'(x‘ + yZ)] dx dy ='%’erfc(R/\/?.) = €= ON/T,
with
(14) C=RVZT. RK=a®-3.5),

For § & 5(-4), 5(-7), 5(-10), 2(-13) the a, and C are given in Appendix A. For example
for 6 = 5(~7), (=5 X 1077), we give C = 3.5503, K =9. The way in which ¢ was chosen in (13)
is explained below.

The integration in (9) can now be carried out numerically by recurrence relations. Indeed,
from (12) and (9) we have

wifle. o . okt (0
Y Ay < & "1 Ty ko R w
(15) HA) o [ 3 - }6 a, (T/‘!) j;' émkﬂ_odg]' lolv:-i ,
where
jY (% '
(16) = Hf cosk 0 do ,
=,
s0 that s : 1
(R coso) R gy
(17 ooy B TS = cos 01 —% sin *k(*f*) J J
7 kel L*l[(\/’z f,ﬁ 9‘0! VI R,
-with
(18) 320, -0 3, = Bsing, - -Lesing
; o 2 1 ] '\73‘ b] ﬁj‘ 1
Hence
#1219, - 8, X
(19) : KA) ~ g_}_‘ [ 2 yT :“5 %Jau}. lolv.:-;:.

where it is cphasized that (15) and (19) hold only when 10,1 & #/2,i= 1, 2. This follov:s from
(10), because v 3 0 in(12)and R 3 Oin (10) imply cos 6 > 0. For cases outside this range, we
make use of the fact that




r

2<0<1r,

Q0 PARO,0)] = gerte Sosine) - PIAR, 0,7 -0},

where we prefer to work with the coerror function, erfc (see (8)), instead of the univariate cumula-
tive distribution function of a normal variable. They are related by

l X
(210 %erfc A2 =1 - m Lz(t/\/'f) dt.

The implementation of (19) and (20) is discussed in Section 4, which deals with the computer
program.

' 2 .. , e .
We now show that if a maximum error of —==4 is made in approximating

N3
(22) f(u) = erfc (u), 0<u<xC()),

as noted in (12), then the truncation error in computing P(A), using (19), can be no larger than LINLR
Indeed, from (12)

_ X k- 2 = .f:(_lll
(23) 'F(u) %: aku | < §e¥ , u20, F(U) Z(u),

and since u 2 0, we have

]
o -RY2 p? K )
(24) _8 v et 4o <& [UF(u) — Ta uk*']do < —‘ie-R’IZ Tuev 4
m (/] " 01 0o K n 0‘

1

But, with (10),

(] 2
(25) eRY2 f’ e df = f 2R ocos0) exp (-Rsin? 6] a0
/) : 0, V2 2

1

- T [erf(\-}% sin 0,) - erf(;—z-: sinf))] < 7,

and (24) then implies

RYy2 po K
£ f ’[uF(u)-g;aku*”]do < AT (=€)

T ol

- (26)
This accounts for the way € was chosen in (13),

The dominant part of the computation in evaluating P(A) from (19) is the generation of the
sum of terms {ak Sie1 } - Two situations can occur for which this sum docs not contribute to the
value of P(A) to within the accuracy specified, namely when R is “small’ and when R is “large.”
" In the first case, we have
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e2) P(A) = (1 - RY/2) [‘;—" -+ M a J + O(R')
T m Jg ’

where with uF(u) = g(u),

m

2
g(u) =Bﬁ_—COso (1 + —%—COSZ 0)4‘ [1 - \/—-
]

=-% cosO[ 3

VT R coso + O(R3

i

_.:.1.; \/R_z_ cosd + O(R3)]

V)

Carrying out the 8 integration in (27), we obtain

/ R2 . R?
28) | Pea) = 22 - ;;1—1 4\\‘/3,:, sin 6, ——-\%sin 01)+ %{(Z sin 20, ~ =-sin 291) + OR?).
Thus, when
_l_. -»R-—- : 8 - — 8 g-—&—l—- = oon
29) W AN sin 8, ] sir Nl <€, (¢ = SA/T, see(13)),
then
(30) P(A) = AO/2m.

Extending the above analysis one can show that the R? tenm in (28) is given by

and upon integration yiolds

31

)
R ) sin® 0 cos 0 |

v (

I &Y
ﬁa+-—--—(~—-—) (sin® 9, - sin®0,).

VAW

Hence P(A) is approximated to within ¢ by (28), without the O(R?) term, when

{32)

3
. R Lo
IL|<(\/§)“/§§6.

In the other circumstance, when R is sufficiently large, a parameter R can be determined,

depending on ¢, such that if

(33)

R > R (orR2 > R,

7




then P{A(R, 9,,6,] < € for I() [, 16, | < /2. So in this case that part of the computation for
P(A) which uses (19) can be omltted but one erfc function is still required for each l() | 2> n/2
(i=1, 2) (see (20)).

We note from (13) and the fact that P[A(R, —#/2, 6)] is an increasing function of 8, that for

R>R

(34) PIA(R, 0,,0,)] < P[A:R,—lz’,lz’)] = Lete ®Ru/2), 16,1, 10, <712, 6, <0,
Consequently, we choose R such that

(35) Feric ®A/2) = € = SA/F

and observe that C from (14) and RA/7 are the same for a given . Geometrically it means that the
region to the right of the vertical line x =R A/2 does not contribute to P(A) to within the specified
acuuracy.

3. USE OF P(A) TO COMPUTE P(H)

In this section we show how, using probabilities over angular regions, the probability, P(H),
over a convex polygon H is obtained. In [4] they propose using probabilities over triangles and
quadrilaterals to obtain the same. Our procedure, however, is, in general more officient. As shown
below, we require only N angular vegions for an N-sided convex polygon, whereas they need at
lzast 3(N « 2) regians if H is decomposed into triangles. If, for N even, H is decomposed into quadri-
laterals, or quadrilatersls plus one triangle for N odd, then one needs 2N ~ 4 or 2N - 3 angular regions,
respeciively. We remind the reader that our ultimate purpose in developing a program for computing
P(H) is tc use it as a subroutine to evaluate the probability over an arbitrary polygon. As stated
carlier this has been done and will be discussed together with a computing program in a later report,

Let H(N Yooy ty) denote a convex polygon of N sides with verticos at coordinate points
).ty where t = ("w y P) and the points {t are given in counterclockwise order, i.¢., s0
that thc, area of B :s on the feft as one traverses the boundary continuously.® Then

(36) PH} = P(A,) ~‘:é3 HA) + PA),

where using Figure 3 sith N = 6, A is the angular region determined by any interior angle of

H with its vertex assigned ast,, A, i=2,..., N~ 1, are angular regions determined by the exterior
angles of H at vertives t,, , tN_l , msmctwcly as shown in Figure 3 and A, is the angular region
obiained from the vcrtkal nublc of tie interior angle of H at ty,. Itis easy to mguc the validity of
(36) by noting, e.g. in Figure 3 (N = 6), that the probnb:htics over the disjoint shaded rogions E,,
i=2,3,..., N~ 1, excessively diminish the rosult for KH) by an amount exactly wmpcnsatcd

for by the addxtmu of Ay). A formal proof of (36) is not given in this report.

“Note that (2) maps convex polygons into couvex polygons.
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Figure 3. Convex Polygon, N = 6, Showing Angular Regions

< keeping with our efforts to maintain an efficient program, as described in the previous
section, we make use of the fullowing result. Let 8(i) denote the quantity 0, - 8, , which appears in
(9), for the M &, pular region probatlity, P(A,). Then, since the interior angles of an N-convex
poaygon add up to (N-2)z radians, v have

N
37 OIN) = —0(1) + ‘82 0G).
Thus our program geaerally will require only N-1 zails to the tan™! routine instead of N by using

(37). The accumulation of the right-hand side is denoted in the flow charts as ¢; ¢.g., sce boxes
{2,8,11,24,33] in flow chast U], page 1!

4. COMPUTER PROGRAM FOR P{H) (AND P(A))

in this section we discuss the Foruran 1V program for the evaluatio.. of P(H) or P(A), {he
normal probahility distribution over a convex petygon H of N sides, or an ang.lar rogion A, respec-
tively. Two flow charts 1, 11 are given on the next *vo pages which shov xhe flow and major steps
of the progran:. It will be heipful to refer to these charts during the discussion, A location in the
flow charis will be identified by chart sumber and box number, ¢.g. {1,10] refers to chart I b« 10,

One input to the program is the swuem..{tJ where t, denotes the (x,y) coordinates f
the k' vortex of H with the vertices ordesed in a countcrclockwm direction. Thae valuc of N is

9
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specified with N set to one if P(A) is desired. In this case 3 points are required, as in the case of a
triangle where N = 3, in counterclockwise order, i.e., so that the region A is to the left as one
tranverses the boundary lines with the only vertex at t,. A parameter is set specifying whether 3,6,
or 9 decimal digits are desired in the output P(H) or P(A).* The associated values of various param-
eters are given in Appendix A, namely a, , &, a,, a3,l_l/\/7. Also listed in that Appendix are values
of these parameters for P(H) or P(A) computable to twelve decimal digits. These however are not
incorporated into the program but could be with no difficulty if desired.

It is imperative for the program to operate properly that the t, be given in counterclockwise
order; i.e., with the area on the left as one travels along the boundary of H or A. Two typical
examples are shown in Figure 4, where P is wanted over the shaded or hatched regions.

Y

N=6
Figure 4. Typical Regions for H and A

Point t; for H can be taken initially as any vertex point, however when this program is used for
arbitrary polygons, it will cycle the points and renumber them so that the new t y is the point with
the property

(38) o= fouployy <y withx < x ity =y ks l,...,N],
(This feature is not shown on the flow charts.).

For A, t, must be specified as the vortex point, as shown in Figure 4 above.

N

In order to evaluate P(H), N angular regions 11\4 arc treated, one at each vertex of H, and
their probabilitics {P(A&)I combined appropriately as explained in Section 3 (soe (36)). For a

particular A, = A(R,0,,0,), the incquality below

*We ntake note of the fact here that the specified number of correct decimal digits tn computing P{H) may not be
achicved in the unlikely case that the errors associated with a majority of the angular regions have the same
sign and thus add to a total error of as wuch as NS, :

12
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(39) B =R} < o = nel

is tested where o, is taken from (29). If it holds then {I, 5] is used to evaluate P(A), which is
then stored in I,
by uz - vwl

P(A) = (6, — 6,)/2n 5 tan” ¢ vz ),
where the tan~! is obtained from a four quadrant subroutine which gives its output in (—u,7]. The
quantities u, v, w, z are initially defined in [I, 1} and subsequently in [1I, 20, 25, 37] depending on
which angular region is involved. The angles 6, and 6, are measured in radians and are as shown in
Figures | or 2, page 3, with A6 always positive from 8, counterclockwise to 6,.

If the inequality in (39) is not true, then a rotation of axes is carried out, {1, 9], as indicated
in Figures 1 and 2. Quantities g, /Dl s hy /Dl » 8, /Dz, hle2 are computed, (I, 10], where

8,/D, =7R-,Zcosé)l - g, hy/D; ='§—7 sin, = h,,
(40) R R

g,/D, =—=cosb, = g,, h,/D, =—=sinf, = h,,

2% T /3 2 7 8 Y 7 U PR
with
(a1) D, = [2w? + 2%, D, = [2u? + V)%,

We have for the first of (40)

(2 2\% ]
(42) Xp Y&) Wty 2

R
—ﬁcosag =( 2 [x,W + 9,22 + (x,2 ~ y,w)]¥
= (x,w + y, )/ [2Aw? + 2% = g /D,.
The other relations in (40) are found in the same way. The location denoted in the ¢harts as P
contains the output A) if N= 1, or (H) if N 3 3. Location ¢ contains 0 if N=1. If N2 3
and (33) docs not hold, then ¢ contains G(N), (Sce (37)), at exit.
In {I, 28}, the inequality
(43) B <o, = 9, (B = R,
is tested. If it holds then P(A, ) is given by (28), (1, 5, 32], where o is taken from (32).
In gencral, the program distinguishes 12 different types of angular régions which are ex-

haustive and are characterized by the signs of the numbers g, , g,, h, , h, as computed in {1, 10].
-Examples of cach of the 12 regions are shown below in Figure 5 with the termis used to evaluate P,

13




M & B o®
®® ® 0
> g1 >0
®® ® 0 B 20
@0
P = P(A) = P(A)
® @ &l © ’Q.@
& oy
\ é Z _____ ® (g >0
< 0.0 \\\ ® g <0
‘@

P = Yerfo(hy) — P(A)
o @ | @J@

< ‘/<}>;\ g
XW\Q@\@ ® ®,9

P = Yerfe(--h)) ~ PA)

{i9) 1) {id
V)] O]
® @ !
® ’/ i."'_,,—@ : {81 <0
\"\N~ “® \\\ ® BZ <0
\ @
® Q ®

P = Yerfe(hy) - Yerfo(h)) + MA)

A 2 A(R,0,,0,)
Figure S. Various Cases for A

Nolc W8, hy8, here rofer to {1, 10].
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(P = P(A)). It is assumed the rotation, [1, 9] has been carried out as described above, so that the
vertex of A is on the positive x-axis (not at the origin). The angle between the directed lines labelled
@ and @ is always measured from é to @ in the counterclockwise direction and it is non-negative
and always no larger than « (sin (8, ~6,) = 0), since we are dealing with convex polygons. We allow
7 < A6 < 2w only if N= 1. In this case we evaluate P(E-A) = P, where E denotes the entire plane,
and find P(A) = | — P. The boxes that apply for N = | only, showing the details just mentioned, are
(I, 36, 37, 38]. In the situations shown in Figure 5, we denote the probability over the angular
region between O and Q by P, and note in the expressions for P below each diagram, that if & <0
(i=1, 2) then erfc (h,) is required where Ih, lis the normal distance from line Oto the origin
(See (20)). The lmes 3)and @ shown in the diagrams bound the angular region denoted by A. In
diagrams 'T}, (2], (3], A and A coincide.

If Thi(ih,tor lh, ) is sufficiently small, erfc (h) can be replaced by one and a call to the erfe
routine avoxded This feature appears in the program through {1,12,13,10,20,34] where the in-
equality

(44) Ihi < &

is tested, We have if (44) holds

(45) -;* erfe(h) — ll \/_. thl < *-lw &y = ¢/2, (e defined in (13))
50 that @, is taken as
(46) @ =/ el

Box (11,7} is used to check if R is sufficiently large for the computation of (19) to be by-
passed. The choice for RA/2, which has already beon discussed on page 8, is made so that with
R & R,

PIAGR,-35)] <

The program for P(A) by (19) is displayed in (11,12-23) and {11,27), with [11,4) showing the
coimputation for J, which denotes £ the angle of A where the sign agrees with the sign pms.dmg,
P(A) in the n:!at:ons given for P in the diagrams of Figure 5 (See (18), also).

The program is designed to recogaize and avoid a subtic situation that can oceur due to round-
off error that leads to a catastropliic erroncous result, As an example suppose we are desting with a
polygon where one of the exterior angular regions, sy Ay, k # 1, N, ag shown by the solid lines
in Figure 6, subtends anangle 6 of nearly x radians with sides of A at large perpendicular distances
from the origin, so that P(A) ~ 1. '
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Figure 6. Shows A Singular Case Situatiop

Suppose, however, by rounding error line ) is actually given by the computer as line @ S0
that the angular region A subtends an angle J. near (—m) radians. Thus the program in this case
would yield a value [~P(R)):i.c., 2 small value. Moreover it would be negative since 8 is measured
from @ to {2} which is clockwise rather than counterclockwise. This singular case situation
and others that can occur are handled in the program through boxes {1,221, (1,23}, [1,24], and
{1,29]. When N 3 3, a singular case occurs for the k™ angular region of H (A9 ¢ [0, w]) wher-

(@n § ssin(, - 0)) <0,
If this is the case, a second inequality is tested, namely,
(48) ¢ 57'5; cos(8, - 0,) < 0,

If (47) and (48) are satisfied, as in Figure 8, we set I’(A Y= Yerfe (1), where t = 'hl ifg, <0,0r
t=hy ifg, 20.11(47) holds and (48) doos not, then we set P(A,) = 0 since 1401 ~ 10712 A
ungular situation that cangot be resolved occurs in the unlikely case that (47) holds, (48) does not,
R¥ R, and £y, By 8te negative. When all of these conditions are true, A, may contais the origin so
that for sufﬁcu.ntly latge R (> 10%), P(A, ) is not close to zero. However A0(~ 10714) should
always bu in [0, #] for a convex polygon, but it is not since (47) holds, Heice we caanot find, withi-
in the single precision capabilities of the CDC6700, the value of P(A,), bu.;mse the value of A9
cannot be resolved,

In the next section, k'e discuss the Gideon-Gurland method (G & G) for evaluating P(A). In-
their teport and published paper however they do not consider the progmmmins aspects of their
method, which must also deal with the singular case prob!em just mentioned,

Extensive checking of our program was camricd out. Comparisons of results were made with a
program of the G & G method that we developed. Also comparisons were made with two other
independent programs for computing P(H) for the special case of triangles. These programs also
allowed independent checking {or convex polygons other than tmngles. since a convex polygon can
always be dccomposcd mto a set of triangles.
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Our computing program is designated as VALR16. In Appendix C a Fortran [V listing is given
of a test program which generates coordinates representing the vertices of a set of triangles such that
all phases of the VALR16 program are tested by evaluating the probability over these triangles.
Some numerical results are also given there.

5. COMPARISON WITH GIDEON AND GURLAND METHOD

The work of Gideon and Gurland (G & G) [4], [S] gives a set of relations by which P(A) can
be evaluated. Their unique procedure is very efficient and though limited to 5 decimal digit accuracy
appears to be one of the best of the methods we reviewed in the literature [1, 2, 3, 6, 7]. Essentially
they assume the angular region A has been rotated as shown in Figure 2 such that if 16;1 < /4,
(=1, 2) then

(49) P[A(R, 0, 0))] =—“Ierfc(Rl\/§) [by +b, R+b,R)8, + (bR +b,R?)0} + (bR +b R?)05 1",

The coetficients by were determined by least squares for each of 15 subintervals in R, {0, 1/2],
(1/2,.25),.. ., /4, G+ D/4), ..., 13.75, 4]. In order to evaluate P(A), they nced to use (49)
twice. with the same value of R, once for @, and once for 0,. Because the use of (49) is constrained
to 181 < 7/4, G & G require in addition to (20) the relation

| =i " ; R r ¥
(50) PIAGR. 0, 0)] 4crfu('§i s 0)erfe (U c030) ~ PIAR.O,5-0, <0 S w2,

We have programmed the (G & G) method and found the average computing time per angular
region to be about 20% longer than ours at the 6 decimal digits accuracy level. We estimate a 25%
to 30% difference if we modified our method for 5 instead of 6 decimal digit accuracy.

Although it takes less time to evaluate the righthand side of (49) twice, without erfc (R,
than it doos to evaluate the recursive procedure given by (19), our method has significantly less
calls to the varjous special funcetion routings, except for the exponential, In particular since the
minimax approximation for erfc (u)/z(u) holds for v 0. (10 1< #/2), we do not need (50).
Moreover, in evaluating the number of erfv functions required by G & G it is recalled that we need
an erfe function when =2 <0 < 3%/4 or when 3n/4 <0 <=, In the second case they also need

- one erfc, however for the fitst inequality they need two. Conscguently, Tor each A, counting the

erfe function neaded in {(49) once and using (20) and (50) it {s easy to show by enumeration of
cases (for example, in [3] of Figure 3, page 14, they could nesu 5 while we would need none)

that their method takes on the average 3% times as many crfe functions as ours. In addition, they
treat 8, and 0, separately while we trent the difference 6, ~ 0, (except for the furnctions g

hy. gy h, wlmh are expressed as algebraic functions of thc coordumes of A). Thus, they need
two separate calls to the arclangent routine for P(A) wihiercas we require one, and for H a triangle
thicy uced 5 arctangents ($aking advantage of (37)) while we need only 2. They also nced R which
requires a square root while we need an exponential. The average numbers of calls to special func-
tions for a convex polygon of N sides is sumimarized in Table 1.

*We tole a serious omission in {3] whese it is not explicitly stated that (49) only holds for 101< w/4.
17 |
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Table 1. Average INo. of Calls to Special Function Routines
for N-Angular Regions

Us G&G
erfc N 3.5N
tan~! N-i 2N-1
square root N+l 2N+]
exponential N 0

We also note that in {4] they advocate treating N sided polygons by decomposing them into
sets of quadrilaterals and triangles. In the case of N-convex polygons, this wouid mean treating 2N-3
angular regions for N odd, and 2N-4 for N even, whercas we would only require N angular regions as
explained in Section 3. Also in the case of an arbitrary polygon it will be more efficient in general
to decompose it into as few convex polygons as possible rather than, as G & G propose, into tri-
angles and quadritalerals.

6. COMMENTS ON DREZNER'S METHOD

In a recent paper by Drezner, (3], o method is given for computing the bivariate normal inte-
gral, d(m, Kk, p); ie.,

€ k - I 2 2
(51) Hmkp) = (2T L f el T f“’;’z; ) dwide,

By letting

e {M = xnak/?ﬁ"ﬁﬁ K = kA3 58 |

he obiains '

(53) kg = Y8 f - f e e uadudy,

where ' ’ ° |

(34 fuv) = explM(2u ~ M) + Ki2v ~ K) + 20(u -~ M}v - K)].

Dyeaner then uses Gawssian integration, wheam < 0, k < 0, p < 0,50 that

AT
(55) wonkp) =YL 2 Y 8 AAfu.v).
R Mt
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where the weights A, and abscissae u, (or vj) are given in {8]. He makes the significant observation
that if

(56) m<O0 k<0 p<0

then f(u,v) < 1 and he can use (55) directly to cvaluate ¢ within a given error for reiatively smalt
values of J. For example, the maximum observed error for J = 5, is reported to be 5.5(=7). He also
takes advantage of the fact that if the argument of the exponent in (54) is sufficiently less than
zero, { can be replaced by zero. For] = §, hus cutoff value is stated as —12.

In cases where one or niore of the three inequalities in (56) does not hold, one or two erfc
functions must also be computed. In case mkp>0, then two sums such as appear in (53) are needed
in addition to possibly one or two erfc functions. The necessary relations are all given in [3]. Two
typographical errors are noted there. In (10) 1A/27 should replace 1/27 and in (12)

_ 1 — Sgn(m) Sgn(k)
mk 4 »

(57 S
where the minus sign replaces an incorrect plus sign.

Clearly (1) with g, = 0,0, = 1,1 = 1|, 2, reduces to (81) where the angular region A has a
right angle at (m.k). Applying the transformation in (2) which reduces to

(58) = (w - p)NT 9% | y=2,

the 90° angular region A in the w — z plane is transformed into an angular region A the x = ¥
plane with vartex at (x4, ¥, ), where

with a subtended angle 8. |
g, = tan* /1 - pf/(wy)l .

where 0, is measured counterclockwise from the negative side of the line y = k. The angular region
A therefore is always below theliney = K.

In particular, given a set of values (m k. 9) there exists 2 corresponding angular region in the

x ~ y plane specificd by R, 8,, 8,(Sec Figures | 2id 2). The connection between these sets of
variables can be shown to be
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R = {(m? - 2pmt + k(1 - pP)*%

8, = tan"{k</T — pZf{pk — m)], . = tan"*i-r/i — pZ/(om — k)],

(59)
g = (k ~ mA/2T = pi: g, = (pm ~ MA/AT = p?)
h, = kA/Z, h, = -mA/T,
or
~\/7-&‘6=\/7hk=\/7——&'0= h, (see (40
m= — \/,zsmz —-v2h,, \/Zsm‘ VZh  (see (40)),
o= _é(glgz + hyhy) = —cos(8, — 6,),
(60)
J1 - p2 = siu(@, — 8, = i«

We have programmed the Drezner procedure and compared it to our method. A Fortran IV
listing is given in Appendix B. We did not expect it to be as efficient because of the large number of
exponentials required. For J = 525 exponentials are required when mkp < 0, and 50 are needed
when mko > 0. However nesther method suffers in comparison to the other in computing addi-
tional erfc functions (or .: iivalently normal probability integrals in one dimension) since it can be
shown both require the same number (none, one, or two) in any particular case.

Timing'runs ‘..r the two programs showed that the Drezner method is 4 times slower on the
average than ours for 6 deciinal digit accuracy and 8 times as slow f.r 9 decimal digits of accuracy.

We also note that Drezner’s procedure is incomplete for programming because he does not
state liow to treat th~ cases p = 1, p = —1. These values can occur through numerical rounding and
must be dealt with before a working program can b : obtained. This problem is resolved by noting
thatif p=1 —¢,e>Q, then

(61) lim ®(mk, | ~€) = Yerfc(~TA/2),
e—=>0 :

where T = minimum of m and k;
ifp =~1+¢,e > 0, then

Yalerfo(—kA/2) ~ erfe(mA/2) ], if k> —m
(62) lim ®(mk,~1 + €)=
€0 0 otherwise. _
These formulas are easily seen to be true by noting that the line w = m transforms by (58) to
the line, cull it L, '
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(63) x/T = p2 + yp = m.

The line L clearly has the propesty that, whether m is positive or negative, it is tangent to the circle
(D)

(64) x2 +y? = m?,

The following additicnal facts ar: easiy proved from (63) and will help the reader in following
Figures 7 and 8 and similar situations: (1) The slope of line L, or dy/dx, is + /1 — p2/(-p), and
hence the slope has the opposite sign to that of p, so that p must be negative in Figure 7 and positive
in Fieurs 8;(2) The x-intercept of L is m,/\/' { — p?, so that m is positive in Figure 7 and negative

in Figure 8, m having the same sigp as the x-intercept of L.

Hence if p=—1 + ¢, €> 0 and small, k> —m, we have the situation shown in Figure 7, Now
ase — 0, the point (C) approaches + = alongy = k, and L approaches tangency

» X

Figure 7.

to the cirele (D) at (0,--m) (but note that 0 < k L m in this case since the x-intercept of line L is
‘positive). Consequently, in the fimit as ¢ = 0, $(m,k. - 1) is given by (62). Similar heuristic argu-
ments. which can be made rigorous, can be given for any other situation with p - 1 as well as

p = —1. Forexample, withp = 1 ~ ¢, ¢ > 0,m < Kasin Figure 8.

N
(D)




In this figure, p = 1 — ¢, m < k < O (x-intercept negative), and we observe that ase = 0, the
shaded area in Figure 8 appro.ches the region below and including the line y = m(<k <0) as
required by (61), or the limit is (1/2) erfc(—mA/2).

7. SOME NUMERICAL RESULTS

in this section we give the numerical resuits for P(H, ) and P(H, ), using our program VALR-16,
where H, is a 6 sided convex polygon containing the origin and H, is an 8 sided convex polygon
noi containing the origin. The x, y columns of Table 2 helow contain the x, y coordinates of the
vertices: the three columns that follow list the values of P(Ak) for each angular region (See
Figure 3) for e, = 2.5(—4), ¢, = 2.6(-7), €; = 2.9(~10). The last row headed P(H) contains the
value of P(H)fore, €,, ;. All the P values have been truncated from 14 digit CDC 6700 output.

Table 2
k X y P(A)), €, P(A,), €, P(A,), €,
1 0.5 | -2.0 911227 911064879 91106477067
2 2. 0.0 046858 046998988 04699911886
3 0.5 2.0 052500 052666886 05266699792
4 | -05 1.5 059487 059482771 .05948276788
5| ~1.5 0.0 042640 042515227 04251511748
6 { ~1.0 | 1.5 017780 017747368 01774728061
P(H) = P(H )~ 727521 , 727148375 12714804914
Mﬂf_v - 3 A m _
1 15 | =45 8511351 850975856 .85097578896
2 2.0 1 075 018582 018726585 01872664573
3 1.78 178 038192 038305815 03830565474
4 1.25 1787 064039 064042498 06404250011
5 0.50 1.50 486789 486841686 48684172637
6 025] 0.2§ 042253 042256194 04225618944
7 0.25 | ~0.25 026270 026273494 02627348809
8 0.501 -1.25 116365 116715266 J1677520430
P{H) = P(H,) 291919 291304849 29130478878

(See (36))
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FITERAWS

APPENDIX A
PROGRAM PARAMETERS. CHEBYSHEV COEFFICIENTS FOR
erfe(x)/z(x), x 2 0

In this appendix we list the pertinent constants that appear in the program for three levels of

accuracy (3,6,9 decimal digits), and an additional set which is designed to yield 12 correct decimal
digits for the probability over an angular region.

B < —

i __R i

- Acc. § C(ﬁ) = \/2- € a, Qz oz3 -Z—E(ﬁl\/z)
@ 4.50(—4) 2.46 2.54(—4) 2.02(-7) 1.22}(-2) 2.25(—4) 2.52(~4)
4.56(-7) 3.5505 2.57(-7) 2.08(-13) 1.23(—4) | 2.28(-7) 2.57(-7
© | 5.21(-10) 4.382 2.94(-10) | 2.72(-19) | 1.35(-6) | 2.61(-10) | 2.88(-10)
®© | 1.78(-13) 5.1092 1.00(-13) | 3.17(-26) | 6.58(-9) | 8.90(—14) | 2.50(-13)
€ = SA/T See page 6. @, = (9ne? )1 See pages 7, 13.

- C() Sce page 5. o = §/2 See page 15.

RWVZ See page 8. -;—E(rwz) = %erfc(ﬁ/\/i) See page 8.

a = 7€ Sec pages 7, 13. =2.5¢ (for @ )

The first column of the table labeled Acc. (for accuracy) lists @ ' @ s @ ' @ referring.to

3, 6.9, 12 decimal digis of accuracy, respectively, for the probability over an angular region. Pages

are given above where the parameters are defined in the report.

The minimax coetficients, a, . for approximating erfe(x) on C(8) (See (12), (15)) are given be-

low for four accuracy levels as indicated in the tables below by R 6, . They were

1 computed by a double precision minimax subroutine utilizing values of erfe(x) accurate to 18 sig-

nificant digits on (%4, C] and erf (x) accurate to 25 digits on (0,%].

f For (&) (Average time per angular region = 2.2 x 10”4 sec)

!t a, = .885777518572895D + 00 2, = ~981151952778050D + 00

i a, = .759305502082485D + 00 3y = ~.353644980686977D + 00

3, = .695232092435207D - 01 ,




For (Average time per angular region = 4.6 x 10"%sec)

a, = .886226470016632D + 00 a, = —.999950714561036D + 00
a, = .885348820003892D + 00 a; = —.060611239043357D + 00
a, = .421821197160099D + 00 ag = —.222898055667208D + 00
ag = .905057384150449D — 01 a, = —.254906111884287D - 01
ag = .430895168984138D — 02 ag = —.323377239693247D - 03

For © (Average time per angular region = 6.5 x 107* sec)

a;, = .886226924931465D + 00 a,; = —.999999899776252D + 00
a, = .886223733186722D + 00 3y = —.666626670510907D + 00
a, = .442851899328568D + 00 ag = —-.265638206366025D + 00
ag = .145060043403012D + 00 a, = -.714909837799889D - 01
ag = .309199295521210D ~ 01 3y = -.112323532148441D -
8y = .324944543171185D - 411 = -.704260243309096D - 03
d,,= .105787574480633D - 03 313 = -971864864160461D — 05
4 4= .408335517232165D — 06

For @ (Average time per angular region = 9.1 x 1074 sec)

8 = .886226925452593D + 00 8, = -.999999999948597D + (0

3; = .886226922786746D + 00 8 = —.666666611866661D + 00

4y = 443112868048919D + 00 8 = —.266662729091411D + 00

3 = .147687136321938D + 00 8, = ~.761365855850292D - 0!

-k dg = .368032849350860D - 0! 85 = ~.167195096888183D — 01

L 3)0= .710292625734052D ~ 02 3,5 ~.278170932906224D - 02

g 8y2= .981112629090333D - 03, 913= -302588640752108D - (3

£ d14= .789960968802448D - 04 d15= ~.168685181767046D ~ 04

36= ,283646635409322D ~ 05 8)9= —-.358314466908290D - 06

; 4y 5= .317679497040006D ~ 07 3192 ~,175440651940430D — 08
E 420= .452534347337305D - 10

Average time por angular region refers to the average computing time on the CDC-6700 to obtain
P(A).
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APPENDIX B.
LISTING OF DREZNER PROGRAM

This appendix contains a listing of the program for computing P(A) or P(H) by Drezner’s procedure.
It is designed to use J = 3, 5, 8 where J is defined by equation (5) in [3]. Thus, referring to Table
1in (3], P will be computed correctly to at least 3, 6, or 9 digits, respectively by this progra:.

Call line to Z. Drezner Subroutine

CALL DREZNR (x, y, N, P, , IOP) where

is the input array of abscissas of the vertices of the polygo
X1 P y ol abscissas 0 ¢ polygon {Vertices must be listed in

y is the input array of ordinates of the vertices of the polygon sounterclockwise order. See pp. 9, 10.

N is the number of sides of the polygon.*
Pk is the location of the answer as computed by the Drezner method

IOP = 1 specifies the Drezner subroutine to use a
table of J = 3 weights in computing P, (See (55)).

1I0P = 2 specifies the Drezner routine to use a table
of J = 5 weights in computing P, .

IOP = 3 specifies a table of J = 8 weights in
computing P, .

*N'=1 for an angular region A with 3 points given in counterclockwise order with first point at
vertex of A, (See page 12). Note 0 € A0 < 2rforN=1,but0 < A0 < 2forN » 3.
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SUBROUTINE DREZNR( XsYsNyANS, IOP )

DIMENSION X(1),Y(1),U(2)4V(2)4G(2)9gH(2)

DIMENSION AM{51),AK(51),RHO(51)

REAL L

DATA KY2 / 1.4142 13562 373 /

NMi=N-i

K=1

ANS=0,

NBAR=N

IF ¢ NeEQedl ) NBAR=3

Ut2)=X(NBAR) =X (1)

VI(2)=Y(NBAR) =Y (1)

KPi=K+%

UtL)=x(KPL)=X (K)

Vi1 )=Y(KP1)=Y (K)

IF ( NeGYel ) GO TO 314d

SGN=1,

SN=V(2) *U(1)=U(2)*V (1)

IF ( SNeGEeOs )} GO TO 3Ji4i

SGN==1,.

Ti=U(1)

utLI=su(a)

ue2)=T4

Ti=v(2)

Vi(2)=Vvii)

Vi1)=T4
3141 CONTIMIE

BOD1=SQRT( 2, *(ULL)I%UCLI V(1) ¥V (D)

BGD2=SQART( 2.%(Ut2)%U(2)+VL2) ¥V (2)
3151 CONTIMUE

L=0e

Be 5% (X IX)*X(K)*Y (K)*Y(K))

GlL)=LCL)OXIK) eV (L)Y (K]

GE21=UL2)*XIK)¢VL2) %Y (K)

H{1)s=YIKIRULL) e X (K)¥V (1)

HE2)=2 Y (K)2UC2) +XLKI¥VL2)

64(1)=6(1)/8GD1

6(2)=Ct2)/8602

H{L)=+{1)/7B601

S HE2)=H(2) 280602

AN(K) 2«RT2%H( 2}

AKIK) =RT2%H(Y)

IF ( SeN€ule ) GO YO 3181

RHO(K )2« (2,2 ¢UC2)%ULLIV (2)%V 1)) )7 (BGDL¥8GD2)

GO T0 3191 :
3184 CONTINUE :

M
M)
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y -
3 § RHO(KI==(G(1)*G(2)+H{1) ¥ H(2) )/B
: b 3191 CONTINUE
¥ IF ( KeLToNMLi ) GO TO 3631
gl IF ( KeEQ.NML ) GO TO 3661
5 CALL FLAN ¢ AM(K) gAK(K) 4 RHO(K)¢yANS1,10P )
5 ANS=ANS+ANSL
g IF ¢ NoNEo1l ) RETURN
?5 IF ( SGNeEGels ) RETURN
5 ANS=1.=ANS
g1 RETURN
£ 3 3631 CONTINUE
b K=K+
g% KP1=K+1
g 5 IF ( KeNEs2 ) GO TO 3651
- ¥ KMi=K=1
3 £ CALL FLAN € AM(KM1),AK(KM1)yRFO (KN1)4ANS 1,I0P )
g ANS=ANS
L 5 U(2)=X(KPLY=X (K)
£ V(2)=Y(KPL)=Y (K)
¥ BGO2=SQART{ 2, *(UL2)*U(2)+V(2)*V(2)))
b GO TO 3154
i 3651 CONTINJE
» UILI=UC2)
. TEREITEY
= UL2)=X(KPL) =X (K)
VE2)=YIKPL)=Y (K)
8601=€EGD2
BGO2=SART{ 20 *(UL2I%U (22 4V (2D %V (2)))
GO TO 3674
3661 CONTIMJE
K=aN
U1 XN =X (1)
VLBV INY =Y (1)
S6D1=SQRT L 2o *(ULLISU (L) 4VLIL)I OV (L)))
3671 CONTIMNUE

KM =K oy ,
CALL FLAN ( AN(KNL) ¢ AK(KNL1)oRHOCKHL) 9 ANS 1,I0F )
ANS=ANS«ANSY

GO TO 3154

END
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2011

2021
2023

2034
2035
2042

2051

2061

3155
3161
3171

SUBROUTINE PLAN ( HyAKyRyANS, IOP )
DIMENSICN EPS3(11)

DATA ( EPS3(I)sI=143 ) / 24E=Cy2:E=T92:.E=10 /
OATA RY2/1,4142 13562 373 /
OM=1¢=EFSI(I0P)

ANS=0.,

IF { ReLEe~OM ) GO YO 317¢

IF ( (H®AK®R) «GTe0s )} GO TO 3155
IF ( HeGTo0s )} GO TO 2034

IF ( AKeGTele ) GO YO 2024

IF ( FeGTe0e ) GO TO 2014
ANS=BFHI(HsAKyR¢IOP )

GO TO 3164

CONTINUE

IF U BAKeNEesDe ) GO TO 2061

GO TO 2023

CONTINMNUE

IF ( &oLTe0e ) GO TO 20414
CONTINE

ANS=E GI(H s AKyRyIOP )

60 T0 Ji61

CONTINUE

IF ( MKeEQefls ) GO TO 2054
CONTINUE

IF 1 AKeLTe0s } GO YO 2061
CONTINME

ANS=ZECT tH)AKyRyIOP )

60 TO 3164

CONTIMNUE

IF ¢ FeCYe0s ) GO TO 2061

GO TO 204%

CONTINUE

ANS=EGB (M) AKy Ry IOP )

60 YO 3164

CONTINUE

ANS=E CL 1(Ho AKyRy IOP )

CONTINIE

RETURM

CONTIMNUE

IF ( AKJLEL(=HSEPSI(IOP))) GO YO 3161
Tin-A K/RT2

T2=H/RT2

ANS=, S®(ERFCLUTL)=ERFG(0,T2))
GO0 YO 3161

END




FUNCTION EQ7 (HeAKyRyIOP )

ODATA RT2/1,4142 13562 373 /

Tz=HW/RT2

Tiz=AK/RT?2

EQP=BPHI(=Hy=AKsRoIOP )+ S5*(ERFCIO,TIERFC(O,TL)) =1,
RETURN

END

FUNCTION EQ8 (HyAKyR4IOP )

OATA RT2/1,4142 13562 373 7

Te=AK/RT2

EQ8z==EPHI («HoAK =Ry IOP ) #45*ERFC(O, 1)
RETURN

END

FUNCTION EQ9 (HoAKsRyIOP )

DATA RT2/4,4142 13562 3713 ¢/

Ts=H/RT2

EQ9x= BPEItHy=AKy=RyI0P ) ¢ SPERFCEC,T)
RETURN

END
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FUNCTION EQi1(HsAKyR4IOP )
OIMENSION EPS3(11)
DATA ( EPS3(I)sI21,3 ) / 2.E=592eE~792.E=10 /
DATA FT2/71.4142 13562 373 /
91 FORMAT ( 1H0,3E22,15 )
ON=1.-ERSI(IOP)
IF ( ReLT.OM ) GO TO 2001
T=H
IF ( AKoeLE,H ) T=AK
Ti==T/RT2
EQL11=,5%ERFC(0,TL)
GO T0 1991
1994 CONTIMUE
RETURN
2001 GONTINUE
CST=SORT (H*H=2, *RO*H*AKSAK®AK )
Ti=R*He=AK
Ci=1,
T2aSIEN (G, H)
Ti=(Ti¥72) /CST
Tu= 1,
T3z H®*AK
T6=SIGN(TL,T3)
TDEL= (1,4~ T5)%, 25
T3=2R® p=H
Ci=i,.
T2=SIGN(C1,AK)
T3=(T3472) /CST
IF ( +eGVTede ) GO YO 2034
IF € T1.6T.0. ) 6O Y0 2023
TuxBPHI(He0e o T1,10P )
GO Y0 2051
2023 CONTIALE
' YLsEQCCNeDagT1910P )
GO T0 2051
2031 CONTIMNUE
IF € 7447404 ) GO TO 2041
Tu2EQUlHe Doy TL,410P ) :
GO TU 2351 :
2041 CONTIMNUE
TL2EQTCHe 0o T1o10¢ )
2651 CONTINUE
IF & AMK,GTe0Gs )} GO TO 3032
IF ( 13.6T.0. ) GO YO 3023
T6=8PFY (AKy 06 2T 3y IOP )
; 60 Y0 3354
\ 3023 CONTINUE
' V6=EQCC(AKy 0s 9 T3, X0P )
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GO TO 3051

3031 CONTINUE
IF ( T3.LTe0e )} GO TO 3041
TesEQE(AKy0ay T34 IOP )
G0 70 3051
3041 CONTINUE ‘
T6ZEQ7(AKyOes T34 I0P )
3051 CONTINUE
€Q11=TH+T6-TDEL
RETURN
END
FUNCTION 8PHI ( HyAKsR o I0P )
DINENSION A(21),X(21)4LLO(6) +LHI(6)
OIMENSION EPSL(11-) .
OIMCENSION EPS3(11)
DATA ( A(1} 21,8 ) /
1 Lo4602 97704 66658E-1y Je9EH6 82669 933IISE~1,
2 43720 88798 TTO4LE-2, 2.4040 61520 28443E-1,
3 3.9233 1.666 52399€-1, 2.1141 81930 76057€-4,
& 3.3266 66035 13639E~2y 3.2485 33445 15628E-4 /
OATA ( X(I)eI=148 ) /
1 1.9055 L1487 98192E-1y b 4B25 L0675 LL5TTI~i,
2 17997 76578 WLISTIE0, 1.0024 21519 63216E-),
3 4.0281 39660 46201E~-1, 1.0609 49821 52572E+D,
O 1.7797 29418 S52026E¢0, 246697 60356 JATOGE+D /
DATA ( AlI)eI=9416 ) ¢
1 143610 91884 53360E~1, 2.6833 07564 72640€-1,
2 247595 33979 A8022€-~1, 1.5744 820206 LBV90E-1,
3 L4814 1.99% TH625E-2, S5.3679 35756 (2526E~-3,
@ 2.0206 36491 326ITE~b4, 1.1925 96926 59532~6 /
OATA € X6 DaI=916 ) ¢/
I 542978 64393 18514E~2y 2.6739 83721 6VT6TE~,
2 641630 208841 82402 E-~1y 1euth2 46312 11623E 0,
3 1.5588 55862 27006E+Dy 2.5839 21153 09586E+0,
& 2.0631 33833 V0808E+D, 3.6860 07162 T24kDEed ¢

DATA ( EPSS(IN oI%143 ) 7/ B og=1249=20,s 7

DATA PI /7 3J.1415 92€53 58979 ¢

DATA € LLOMT D 92143 ) /7 L44e% /

OATA { LHICI)oX=103 ) 7 348436/

OATA RT2 7 1.6142 13562 373 ¢

DATA € EPS3(I)el=193 ) 7 2eE=592eE~792.E-10 7
OM=21.-EPSIL(IOP)
ILC=LLOLIOP)
IHI=LHICLILP
EPS=EPS1(I0P)
RSQ=R*R

IF ( RSG.LTele )
T3= 1,

CST=0.

60 Y0 303¢i

6C 10 2991
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2991

3001

3014

3338

3354
3364
3371

CONTINUE

T3=SART(1.-RSQ)

CST=RT2°T3

CONTINUE

8PK1=0.

IF ( RJ.LE.-OM ) GO TO 3014

IF ( ReLTL04 ) GO TO 3331

T=H

T1=-T/RT2

BPHI=5*ERF L0,TY)

60 TO 3371

CUNTINUE

IF ( AKLE.(=H*EPS3I(IOP) ) ) GO TO 3372

Ti==AK/RT2

T2sH/RYT2

ANST «S®(ERFO (0, TL1)<ERFC(O,T2))

60 T0 33ny

CONTINUE

Mi=H/GCSY

AK1=AK/CST

SUN=0.

00 3363 I=ILCINI

SUN1=Q.

DO 3351 #=ILO0INX

TAHI# 129 XC ) ~HE ) ¢ AK1® (2.%X (J) = AKY)
$24PR® IXCI)~HLI* (X (J)=AKYL)

IF ( TLATLEPS ) 60 YO 3351

SUHISSUHLeEXP(TL) SALJ)

GUNTINUE

SUN=S5UHA(]) *SUKY

CONTINUE

BPHIz tSUNOTII/ZPL

CONTINUE

RETURN

END




APPENDIX C.

LiSTING OF TEST PROGRAM WITH SOME
NUMERICAL RESULTS

Tie test program listed in this appendix is designed to ““see” cll paths of the VALR16 sub-
routine, the basic routine of this report. The test program treats three different sets of triangles for
each €. 1.¢., €;, €5, €. A total of 351 triangles are treated. Our subroutine VALR16 is used
to obtain the probability P(H) over each triangle and the result is compared with the result obtained
by the rouiine based on Dreznci’s method. The numerical results below state the case number,

(x, y) vertices, YALR 6 result, Drezner result, and absolute value of the difference, corresponding
P to that case for which the absolute vaiue of the difference in P(H) for the two methods was a maxi-
L mum for each set and for each e. Thus there are nine cases given below.

Case |
P No. X y P(H) and |API
£ €, = 2.54(—4)*
» 3 2.0000 00000 0000 1.0009 00000 0000 01116 23895 4828
F 1.0000 00000 0000 0.0000 00000 0000 01144 55124 4546
» 3.0000 00000 0000 1.0060 00000 0000 2.83(~4)
2
; 116 |  3.0000 00000 0000 1.5600 00000 0000 07276 76379 5214
0.0000 00000 0000 —0.0006 06881 7000 07312 88147 1695
3.000.; 00000 0000 0.0000 00000 0000 3.61(~4)
76 11048 34376 7180 11048 34376 7180 07464 96837 3470
_1.8895 16562 328 11048 34376 7180 07443 77215 8773
~1.8895 16562 3282 88951 65623 2820 212(~4)
€, = 2.57(~7)*
15 0.0000 00600 0000 ~2.0000 00000 0000 17865 07387 5631
1.0000 00000 0000 0.0000 00000 0000 17864 99501 5890
0.0000 00000 0000 19000 0GG00 0000 7.89(~7)
90 3.0000 00000 0000 3.0000 00000 0000 60059 65636 6379
3.0000 00000 0000 0.0000 00000 0000 00059 75925 2985
6.0000 60000 0090 1.5000 00000 0000 9.29(~7)
79 01109 51882 5761 01109 91882 5761 11700 59368 5515
~1.9889 00811 7424 0110991382 5761 - | .117200 54478 9902
01109 91882 5761 ~.98890 08117 4239 480-T)
*3ee Appendix A.
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Case

y

P(H) and | AP

€, = 294(~10)*

96

65

94

4.0000 00000 0000
2.0000 00006 00C0
0.0000 00000 0000

1.9999 80000 0000

—3.0000 00000 0000

3.0000 00000 0000

00116 10499 1180

—-1.9988 38950 0882

2.0011 610499118

0.0000 00000 0000
2.0000 00000 0000
7.8256 90500 (-10)

4.5000 00000 0000
0.0000 06000 0000
0.0000 00000 0000

00116 10499 1180
—1.9988 38949 3056
—1.9988 38950 0882

.12383 33015 1674
12383 33012 5254

2.64(-10)

.47645 25380 3718
47645 25375 5211

4.85(-10)

22803 35273 2106
.22803 35268 0156

5.19(~10)

*Sce Appendix A.
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PROGRAM DRET ( OUTPUT )
COMMON IOP
DIMENSICN X (201) 5v (201) 4X1(201),Y1(201)
OIMENSICN EPS1(4)yX3(3),Y3(3)
OIMFNSICN APH21(3)4APH31(3)
DIMENSION IRAY(21)
OIMENSICN DEL1(3))31(3)4ALPHA(D)
SFT A FCOR PJ ;1 HULL DEEK
DATA ( X(I)gI=t,y48 ) /

L1e93es209 L1e92e9=ley 1492e9=1ey 1a9Nesliy

1e30090,s9 1o9=le32¢y Les00eyley 1es0ey2e

10900930y 2e92092s9 169202249 1e33e9Ney

De92e91e9 Ooegleg=lesy Oep=Llostey Degleg?e 7/
DATA ( Y(I), 121,48 ) ¢/

Oeslegles Deaglegley Qosles=tes 0u32¢9i0y

Begleyg=2ey Oeyley=2¢y Oeg=1e9=2ey Oog=les=1sy

Dog=le924y
Qeg=tog=t, /

0e9=205 13y Dap=2ep=lay Den=1ey24y
ﬂogio,lop 00110’10, 009'209109
SET B FOR PJ Vv HULL JECGK
DATA ( X(I)ygI=43,430 ) /

1e5¢5902¢9 1o9les2es L0931e592e9 Legebs=1ey
lesleg=dey 1oy 566669 =14ey 1092491033333 ) 1e3209iey
10920905y Leg=dog=ley Les=1esley 1491e59-1s
1e9le92er 16124916 /
DATA ( Y(I),1=49,90 } /
Neg=Le590ey Oos=1e900y Qep=e5y0ey DegeS540ey
QoslogCay Depl1e590ep OVes0epeSy Oe3slesley
ﬁo§003305, UQ,Ot,"lc, 00,00,'10, 0"10000 ]
ODes=~2o9ley Doage341e /
DATA ( X(I)yI=94,102) /
0591059009 2eypleygtiey 2epfegliey ¢591e530¢ 7/
DATA ( Y(1),I=31,102) /
0593092¢9 20914300y 2esleyley o531s92¢ 7
DATA ( X(I),I=103,147 ) /
$090e300y 1090409009 1090090y 1e90asley
{egdlegle /

DATA ( Y(I)y12403,117 ) /

Degloestey Qaples=eS DeyeSylay
Dopleg=eSy leyspeSytle /
DATA { EPSL(D,1c1,3) ¢
2:5362 664L50E=k, 205714 45247579 2+90L36 WATL2E~30/

DATA ( DFLL(D), I=4,3 ) /

Lo WOS 42E Uy Le S5 T77E~T, 5,217 127E=10 /
DATA ( BRI I=1y3 ) 7 2,4693.5505 4,382 /
DATA ( APH3L(Y) ,I=1,3 ) ¢

02207 71E=3) ¢ 2278085E~69¢ 26085635E=9 /
DATA ( APHEL(Y) ,I=4,3) ¢

012206 59F«1y,12319 198F =3, (13480 369E-S5 /
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90 FORMAT ( 1HO,60X 4110 )
91 FORMAY ( 1H=,8216.8 )
92 FCRMAT ( 1H= )
93 FORMAT ( 1HO,I1D )
97 FOIMAT ( 1HL )
95 FORMAT ( 1H ,L4Xy2E1244 )
N=3
PRINT 97
00 3021 1I=1,151
X4(I)=XiY)
Yi(I)=yYcl)

3021 CONTINUE
DO 307% 1331,3
PRPINT 97
PRINY 90,13
IFNT=0
D0 3061 1531,3
PRINT 92
TMAX=0,

M=0

00 3025 1I=1,151
X(I)aXx1(])
Y(I)=Y1(])

3025 CONTINUF
APHI=APKIL(IY)
Y(92)=15=3,%APN3
Y(95) =3, ®4F43
Y(98)meJ tAPKHI
Y(101)=1.,5¢3, 202K}
Y(104) 34 G*ARNT
Y(305)=«e9*APKSI
Y(L07) =Y (104)
Y{(111) =¥ {i05)
Y(113)=y (104)
Y117 )Y (105)

00 312”7 1Isy,15t
Yi(l)=v¢l)
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Ak
B

3027

3031
3035

3037

3041

3047

CONTINUE

IF ( I54EQet ) GI TO 3035
IF ( IS.EQ3 ) GO TO 3035
DO 3031 I=1,151
X(I)=3.¥%X1(1)
Y(I)=3.,*Y1(1)

CONTINUE

CONTINUE

00 3051 Is1,115,3
CONTINUE

IP2=1+2

00 3049 TYi=1,3

M=Mel

IF ( IPNTGNZ«0 ) PRINT Q3,M
CONTINUE

IF ( Ii.EGet ) GO TO 3047
TisxX(I)

T2zY(1)

X(I1)=X(1+1)

Y(I)=Y(1+1)

X(I+1)=)(1F2)
Y(I+1)=Y(IP2)

X(IP2)=11

Y(IpP2)=Y12

CONTINUE

IF ( ISNEs3 ) GO TO 3045
IF ( I1.GTel ) GO YO 3045
T1sAPH21 (I3}
T22SQPT(Ti)=1,2-12
SX=X(I)=T2

SYysY(I)=T2

D0 3063 I7=1,[22
X(I7)=X{(17)=SX
Y(I7)=Y(17)=~SY
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3043 CONTINUE
3045 CONTINUE
3048 CONTINUE
Ti=(X(I)=X(I+1)) ®(Y(I)=Y(I+2))
T2s(X (1) =X(I+2)) ¥(Y(I)=Y(I¢+1))
IF ( T1.GE.T2 ) GO 70 304
T1=X(I+2)
X{T+2)=>(1+1)
X(I+1)=T1
T2=Y(1+2)
Y(I+2)=Y(I¢1)
Y(I+1)=T72
304 CONTINUE
IF { IFNT.NELO )
t PRINT 9S5,(X(J)ef (J)sd=1,1IP2 )
I0P1=13
CALL VALRL6( X(I),Y(I),yNyANSL1,I0PL )
ANS=ANSY
I0P=13
CALL DREZNR ( X{ I) gY(I) 33 3ANS3,I3 )
DEL=ABS(ANS=ANS3)
IF ( DELJLESTMAX ) GO TO 3049
MSAV=N
SAVDEL=CEL
TMAX=DEL
X3€1)=%(1)
X3(2)=X(3+1)
. X3{31=K{]+2)
¢ Y3(L=v(1)
Y3(2)=Y(I+1)
¥3(3)=Y(12)
SAVOR=AMNS 3
SAVRJ=A IS
3049 CONTINUE
3051 CONTINUF
PRINT 93, MSAV
PRINT G£,X3{1),v3(Y1)
PRINT 96,X3(2),Y3(2)
PRINT 96,X3(3),Y3(3)
PRINT 94, SAVPY, SAVORySAVOEL
3061 CONTINUE
3071 CONTINUE
011 CONTINUE
34 FORMAT ( iHO yheuaX 22,15 )
96 FORMAT { 1M0,6£E22.15 )
9011 CCNTYINUE
stop
FND
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APPENDIX D.
FORTRAN LISTING OF THE PROGRAM

This appendix contains the basic subroutine of this report which calculates P(A) or P(H) to 3,
6, or 9 correct decimal digits. _

CALL VALRI6 (x, y, N, ans, IOP)

-where:

Vertic_;:-; must be listed in

counterclocksvise order. See pp. 9, 10.

X, y are input arrays of the coordinates of the vertices. {
N is the number of sides of the polygon.*
ans identifies the location where the P, is returned.

IOP =1, 2 or 3 for 3, 6 or 9 decimal digits of accuracy, respectively.

*N = | for an angular region A specified by three points given in counterclockwise order with the
first point at the vertex of A, (Sce page 12). Note 0 < Ad ~ 2zforN=1,but0 < A0 < =
forN 2 3. :

R VA O T e s
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SUBROUTINE VALRLSB( X,YsNyANS,I0P )
OIMENSION RSQ(&)

DIMENSION X{1),4Y(1),U(2),¥(23+6(2)sh(Q)
DIMENSION E(5),£2(10)4E3(15)
DIMENS ION APH143),APH2(3)APH3(3)
REAL L

DATA PI/3.1415 92653 58979 /

DATA TWOPI/642831 85307 17958 7
DATA AINPI/141447 29885 86940 ¢/
DATA C1/.28209 47917 73877 /

DATA G2/415915 49430 91835 /

OATA ( EC(1)+Ix8y 5) ¢/

UulLd=xt 2 )=Xx(K)

vitisy( 2 )=ViK)

IF € NehEel ) GO TO 3132
Ut2)3x13) -X(1)
Vi2)=Yi3)=Y(1)

42

p 1 «885777518572895E+80 «99811519527768050E+88 ,
; 2 «7593085502082485E+00 «e353644980686977E+80
! 3 ¢695232092435207E-01 ¢/
' CATA (E2(I),I=1, 10) /
1 1 +886226470846632E+30 «43999507 14564036E+00
'~ 2 +8085348820033892E+00 -e66861423304335TE+80
: 3 021821497160499E+00 -4222898055667208&+00
2 b e305057384L150 &W9E-01 =e254906111884248T7TE-01
1 5 e 30895168934138E-02 - 323377239693247E-03 /
4 DATA (E3(I)sI=1y 15) /¢
" b | +H86220924934465E¢00 «9 99999989977 6252E+00
. é «886223733186722E+40 -e660626067051090T7E+08
j 3 «442851899328569E+00 , =, 2656302063668256+00
. 4 1450600634030 10E+4d0 » =e7449098377994889£-01
i 5 ¢309199235521210E-04 ~011232353240484L41E-08
& 6 032494050631 71185E=-02 oo 7062602433509096E-03
- 7 «3105787574450633:-03 =e 971064086410 0401LE=05
‘N 8 +# 083355172321 65E=-db /4
‘e DATA ( APHL(X)o3=21,3 ) /
H. L 2¢02Eo7+2408E~1342472E~L9 /
- 1 DATA { APH2(X),I=1,3 ) ¢
- 1 1622E«291e23E=0sle3bE~0 /
3 DAYA ( APHI(I)eIs4y38 ) /
2 1 2025E%4y2428E=T92461E=40 7/
3 DATA ( RSQ (I)yI=1,3) ¢/
o 1 6605169124600605 +19.201924 /
i NNA=l~ §
3 Kag
PHIN=D,
PHIK=0 4
ANS=0,




3131

3141

3451

3161

3478

&
?,:y) R

a
s
i,
8
3
e -
5,
o
-

Siy

SNV (2)%Ui)=U(2)%V (1)

IF ( SNeGEsla )} 06O TO S1462
ANS==1 4

T1=U(L)

uiltd=u (2}

u(2)=T4

Ti=vie)

vi2i=vi(l)

vit)=T1¢

60 TO 3141

CONTINUE

U(2)=X(N) -X(1)
V(2)=YE(N)=Y{1)

GCUNTINUE

BGD1=SART { 2. *(U(L)BULLI+V(LI®V (1))}
BGO2=SART ( 2.*(U(2)¥U(2i+vid®*(2)))
CONTINLE

L=Be

ALAN=0 «

B S*{X{KI*X{K)#Y(KI*Y(K))
IF ¢ BeGToAPHI(IOP) )} GO TO 3171
CAPG=D.

CONTINIE

TisABS (VL 202U ~U(2) %Y (1))
F2=Yl2)0U L) evi2deviL)
PHIKSATANZ(TL,T2)
ANSL1=PHIK/THOPI=CAPG

G0 TO 3621

CUNTINUE
GLLIBULLY *AIKI VL) BV LK)
GLlaV¥=UC2) *X(K) +V(2) Y (K)
HeL)=s»Y(KIPULLE X (K)IO®VIL)
H{2iz ¥ (K)PUL2) eXLK)I®V(2)
6€1)=u¢3)/7BGDY

G(2d=26(2) 7B6D2

HeL)=n(1s /768601

Hi2)=H(2) 78602

SN (2 (VIAI*UTLI=U(20%VIL) ) D/(36DL*8602)

IF ¢ ShMGTe0e ) GO Tu 3185
CH=GLLI®G(2)+H LI HIZ2)

IF { CMeGEnUs ) 5I TC 3183
PHIK=PJX

IF € 60 +LTel0e ) GO TO 5281
AHS1=4 S¥ERFC LI, HL2) )

60 10 3822

CONTINUE

ANS12¢ S*ERFCIDe~H(L) )

60 T0 3621




: 3183 COUNTINUE
PHIK=0,

ANS1=0 .
60 TC 321

3185 I1F ( BelLELAPH2{(IOP} )} GO TO 3381
IF ( GCL)4LTe0s ) GG TO 3261
IF ( 0(2)eGEsle } GO TO 3474
6{2)==G(2)
H{2i==h(2)
ALAM=P ]
IF | AES(H(2))+LEJAPHI(IUP) )} 50 TO 3251
L=+ S*ERFL(0,y~H{2))
GO TO 3471

3251 CONTINUE
L=ed
GC TU 34714

J2€L CONTINUE
GiL)=~GlYL)
H{1)==H(1)
IF U G(2)oeLTe0s } 50 TO 3274
ALANM=P]
IF ¢ ASS(H(L1))JLELAPREILLOP) ) ' 30 TO 3251
LS+5S%ERFC{OWHIL))
60 TG 34714

JE7L CGUNTINUE
GL2)==6(2)
H{2)==H(2)
IF ( ABSCHUL)) JLEJAPHILIOP) ) GO TO 3291
IF ( AGStH{2) ) ¢LEJAPHI(IOP) )} OGU TO 3281
L=oS*(ERFCLOyHIL)) -ERFGLOyH2)N)
60 TO 3471

3281 CONTINUE

¢ S%LERFCLAHIL))=1,y)

30 YO 3u74

3¢G1 CONTINUE
IF ( ABSUHE2))oLEJAPHILICGP) ) 60U YO 0?1
L=e5%(14~ERFCLOyH{2)))
30 10 W71

33334 COUNTINUE
CAPG=CL®(HE2) =H{L) I =02 {u(2)I%HI2) =0 trI*ntl))
60 TO 361}

Ju71 GONTINLWE
IF ( BsLTLRSQEIOP) ) GO TO 3W9
PHINS= f,
60 TO 3495

3479 CONTINLE
1F { KoNE o ) Gp T0 Jea0
IF ¢ FrIn olEele ) GV 10 3080

. 4




A JB=PH IN=ALAM

6GC TO 3481
CUNTINUE
SN=G(1)%H (2) =G (2)
CN=G(12%G{2)+H (1)
AJO=ATANZ (SNysCN)
PHRIK=AJ0

EF ( AJQelTel0e )
CONTIN E

CAPG=A U8

GAPHz, 5%*AJD

M=1

Fs0,
Adi=H{2)=HI1)
CIRCM=AJL

IF { I0OP«£EQe3 )
IF ( IOP.EQe2 )
SUN=E(N) *AUL
CONTINUE

H=Mei

H(2)sH(2) *G{(2)
HELI=H(L)*G(L1)
TaH(2) =H(1)

. F=F+8
CAPV=(F*CAPGT ¢l
SUNSSUNSE (M)*CAPY
IFU M oGEe S )
CAPG=L RGN

CIRCH= CAPY

60 TO 342
CONYINUE
ANSisL¢EXP(~{B*AL
30 TO 3621
CONTINLE

ANS i=L
GONTINIE

IF ( (K=NM1) )
CUNTINLE

3

*HEL)
*H(2)

PRIK=PI+AJO

[
1

60 TO 3681
60 TO 3701

GO TO 3491

NPL) ) *(CAPH=SUN)

631,3661,3623

ANS=ABSCANSeABS (ANSL) )

RETURN
CONTINUE
K=Kel
KPizKe

IF ( KeNEo2 )
ANS=ABSLANSL)
UL2)2X (KPR =X (K)
Vi2)sV(KPL) =Y (K)
PHINZPHIN=PHIK

60

10 3651

45




3651

36€L

Jor1

3684
3634

3784
3711

8G02=SART { 2.*(UC2)*%U(2)+¥(2)% (2)))
60 TO 31514
CONTINLE

U(1)=U (2)
viL)=v(2)
U€2)=X{KP 1) =X (K)
V(2)=Y (KP1} =Y (K)
B6D1=8602
BGD2=SART( 2+.%(U(2)%U(2)+¥L2)I¥L2)))
G0 TO 3671
CONTINUE

K=N

UCL)=XEIN) =X(13
V{1)=Y IN) =Y (1)
B601=SRT( 2. {ULLI%U(LIe¥{1IW(1)))
CONTINUE
PHINSPHIN+SHIK
AHS=ANS=ABSLANSL)
G0 TO 3351
CONTINWE

SUN=ES (M) *4JL
CONTINUE

MN=h+d
Hi2¥=n (2) *6(2)
HELI=H L) G (L)
T=H{2) =kl 1)

FaFeB
CAPVY=L{F S APG*T) /N
SUN=SUMSE 3(H) *CAPV
IF ( HoeGtol5 ) GO TO 3491
CAPG2CIRCH
CIRCN=CAPY

66 10 %93
SUN=E2 (N) *AJL
Hapel

ni2i=ni2) *6L2)
H{L)=H (1) *GLL)
TaHi)=HlL)

FxF o
CAPY=LFRCAPG*TI /N
SUN=SUNCE 2(H) *CAPY

"3F ( HeGEolB ) GO TO 3491

CAPG=CIRCH
CIRCN=CAL Y
60 T0 3711

ERO
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